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Abstract The velocity of long polymer molecules in a
gel and the liquid ¯ow pro®le in the vicinity of a mole-
cule's surface were studied theoretically by combining
the Navier-Stokes equation with the Poisson-Boltzmann
equation. The electrophoretic mobility has been calcu-
lated in dependence of the ionic strength of the elec-
trolyte solution, its viscosity, the gels' volume friction
coe�cient, the surface charge and the radius of the
polymer molecule. The results are presented in a non-
dimensional form and depend on two dimensionless
parameters only. The ®rst parameter is the radius of the
polymer molecule in units of the Debye length. The
second is a parameter comprising the electrolyte's
viscosity and the gel density. Thus, by similarity theory,
the results apply to any given experimental arrangement.
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Introduction

Gel electrophoresis, especially pulsed ®eld gel electro-
phoresis (PFGE) (Cantor et al. 1988; Sambrook et al.
1989) is one of the most important tools in modern
analytical biochemistry and molecular biology. This role
makes necessary a theoretical understanding of the
electrophoretic movement of long polymer molecules in
gels. Several attempts have been made to describe the
electrophoretic movement of polymers, all calculating
the electrophoretic velocity by dividing the Coulomb
force acting on the charged molecule by a phenomeno-
logical coe�cient (Lumpkin et al. 1985; Slater et al.

1987; Sambrook et al. 1989) which is typically termed
viscous friction coe�cient. Unfortunately, the depen-
dence of this phenomenological coe�cient on physical
properties e.g. the ionic strength of the bu�er, its vis-
cosity or the gel density, are not simple to describe. A
combined hydrodynamical-electrochemical model of the
electrophoretic mobility in gels and the average liquid
¯ow pro®le near the molecules' surface from the above-
mentioned parameters has been described (Pastushenko
1991a, b). However, in this study the diameter of the
polymer molecule was assumed much larger than the
Debye length 1/j (i.e. the di�use ion layer thickness) of
the surrounding electrolyte solution. Under physiologi-
cal bu�er conditions the Debye length is of the order of
1 nm, thus it is comparable to the diameter of DNA,
single coiled proteins, or uncoiled proteins.

The aim of the present study was to derive an ex-
pression for the electrophoretic mobility of a long (in
comparison to the mesh size of the gel and the Debye
length), cylindrical, charged molecule (e.g. DNA) in a
gel of uncharged ®bres under the in¯uence of an ho-
mogeneous external electric ®eld. For this purpose we
considered the steady state movement, assuming the
molecule to be oriented along the direction of the ho-
mogeneous electric ®eld. This allows us to analyze the
indirect in¯uence of gel ®bers due to hydrodynamic
coupling during gel electrophoresis. The expression for
the liquid velocity pro®le around the molecule has been
calculated. This was obtained from the balance of the
electrostatic and viscous forces acting in the liquid.

Statement of the problem

To describe the liquid ¯ow near the polymer molecules'
surface, one has to combine the electrostatic and the
hydrodynamic description of the molecule in the sur-
rounding electrolyte. The electrostatic problem can be
described as follows (Pastushenko and Donath 1976a;
Pastushenko 1991a). A long molecule of radius a and a
surface charge density r is put into a gel with a
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surrounding electrolyte solution characterized by the
parameter of the Debye-HuÈ ckel theory j (the reciprocal
of the characteristic Debye length), which reads:

j �
����������
2IF 2

RT e

r
Here F is the Faraday number, RT is the gas constant
times the absolute temperature, e is the dielectric per-
mittivity of the electrolyte solution, and I is the ionic
strength of the solution de®ned as I � 1

2

P
i z2i ci denoting

the valence and ci the concentration of ions of type i.
The geometry of the problem is depicted in Fig. 1A.
A constant ®eld of strength E is applied in the z-direc-
tion which is also the main axis of the molecule. The
electrostatic potential measured in units of RT/F and
denoted by w is described by the Poisson-Boltzmann
equation:

r2wÿ j2w � 0 �1�
with the boundary conditions

ÿow
or

����
r�a
� F r

RT e
and w�1� � 0

To ®nd a solution for the molecules' velocity, one has to
solve the hydrodynamic problem which is described by
the Navier-Stokes equation including the force due to
the electric ®eld and the friction force due to liquid ¯ow
through the gel (Pastushenko and Donath 1976a; Past-
ushenko 1991a):

gr2t|�{z�}
A

ÿ f t|{z}
B

ÿ 2cFEw|���{z���}
c

� 0 �2�

The term A is due to viscous shear stress in the elec-
trolyte itself. The term C is the electric force acting on a
unit volume due to the induced volume charge density in
the electrolyte. Term B describes the in¯uence of the gel,
with f denoting a volume friction coe�cient (Past-
ushenko and Donath 1976a; Donath and Pastushenko
1980; Pastushenko 1991a). If the bu�er ¯ows through
the gel with velocity t, the force )ft is acting on the unit
volume of the bu�er owing to the viscous interaction
with the gel ®bres. As shown previously (Pastushenko
1991b) this coe�cient f is exactly the reciprocal of the
speci®c hydrodynamic permeability of the gel. Thus, it is
a directly accessible parameter. The boundary condi-
tions for the Navier-Stokes equation are:

t 1� � � 0 and t�a� � tm

where tm is the steady-state velocity of the polymer
molecule. This velocity may be found from the balance
of the electric force acting on the molecule and the shear
force at the surface of the molecule, i.e.

g
ot
or

����
r�a
� Er � 0

The solution of Eq. (2), using the above boundary
conditions, yields the velocity pro®le near the surface of
the molecule. Furthermore, the velocity of the particle
corresponds to the liquid velocity at the surface of the
molecule.

Potential distribution

For convenience we introduced a dimensionless radial
coordinate q and the molecules dimensionless radius a as

q � jr and a � ja

which allows to rewrite Eq. (1) as

1

q
d

dq
q
dw
dq
ÿ w � 0 �3�

and the boundary conditions as

ÿ ow
oq

����
q�a

� F r
RT ej

and w 1� � � 0

In general, the solution of Eq. (3) is a linear combination
of the modi®ed Bessel functions I0(q) and K0(q),

Fig. 1 A Geometry of the problem. The molecule is assumed to be
stretched and cooriented with the homogenous electric ®eld. The
z-axis is the main axis of the molecule. Because of the cylindrical
symmetry, only one additional coordinate is required, the radial
distance r. The molecule has the radius a and carries a surface charge
density r This induces a potential pro®le in the electrolyte solution
according to Eq. (4) (shown in B). Here the electrical potential is
normalized to w/w0. The dotted line shows the potential for the
approximation assuming ¯at geometry. The molecules' radius (in units
of the Debye length 1/j) is assumed a � 1
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respectively {Abramovitz}. Due to the second boundary
condition the solution is proportional to K0(q), because
I0(q) grows to in®nity with growing q. The proportion-
ality coe�cient results from the ®rst boundary condi-
tion:

w � w0

K0 q� �
K1 a� � � wa

K0 q� �
K1 a� � �4�

with w0 � jr 2IF denoting the surface potential of a ¯at
surface with the same surface charge density r, and
wa � w(a) is the surface potential in the cylindrical
geometry. We denote the ratio wa/w0 as

R�a� � K0�a�
K1�a� �5�

According to Eq. (4) the electric ®eld drops radially
from the polymer molecule in the form of the modi®ed
Bessel function K0. This also corresponds to the distri-
bution of ions in the bu�er surrounding the polymer if
wa � 1.

Liquid ¯ow pro®le and electrophoretic mobility

For convenience we rewrite the Navier-Stokes equation
in dimensionless form introducing the dimensionless
parameter

k �
��������
f =g

p
j

This parameter is the ratio of the Debye length 1/j and
an ``e�ective pore size''��������

g=f
p
comprising the gel density and the electrolytes' viscosity.
Furthermore we introduce the liquid's velocity m mea-
sured in units of Smoluchowsky's velocity ts, i.e.

m � t
ts

with ts � rE
gj

Using these notations the Navier-Stokes equation can be
rewritten in cylindrical coordinates as

1

q
o
oq

q
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oq

� �
ÿ k2m � K0 q� �

K1�a� �6�

with the boundary conditions

m 1� � � 0 and
om
oq

����
a

� ÿ1 �7�

Solving this boundary problem using the method of
constants' variation {Zeidler} yields the liquid velocity
pro®le:

m q� � � kK0 kq� �=K1 ka� � ÿ K0 q� �=K1 a� �
k2 ÿ 1

�8�

This expression for the liquid velocity at a certain radial
distance from the molecule depends only on the

parameters k and a. By substituting q � a, the resulting
molecule's velocity is obtained to be:

mm � m a� � � kR ka� � ÿ R a� �
k2 ÿ 1

�9�

with R(x) � K0(x)/K1(x) as de®ned in Eq. (5). To elimi-
nate the uncertainty at k � 1, de l'Hospitals rule (Zeidler
et al. 1996) has to be applied yielding

lim
k!1

m q� � � K0 q� � 2� aR a� �� � ÿ qK1 q� �
2K1 a� � �10�

lim
k!1

mm � R a� � � a
2

R a� �2ÿ1
h i

�11�

Obviously for k � 1, which corresponds to an ex-
tremely dense gel, mm � 0. In the case of a very diluted
gel (pure electrolyte solution) k » 0, yielding:

lim
k!0

mm � R a� �

Thus the ratio R(a) is simultaneously the ratio of the
electrophoretic velocities in cylindrical and ¯at
geometry.

Another special case is that of a large molecular di-
ameter in comparison to the Debye length, i.e. a� 1.
Using the asymptotic expression

Kn z� � �
�������������
p= 2z� �

p
eÿz

for z � 1, n=0, 1 (Abramowitz and Stegun 1972), we
obtain:

lim
a!1 m�q� �

���
a
q

r
keÿk�qÿa� ÿ eÿ�qÿa�

k2 ÿ 1
and lim

a!1 mm � 1

1� k

which corresponds to the ¯at geometry already consid-
ered (Pastushenko 1991a). Furthermore, from Eq. (9) we
can derive an expression for the electrophoretic mobility
which is de®ned as the molecules' velocity (in standard
dimensions) divided by the external electric ®eld
strength, E:

b � mmts
E
� r

gj
kR ka� � ÿ R a� �

k2 ÿ 1
�12�

In the literature the velocity of a molecule is de®ned by
E/f (Slater et al. 1987; Sambrook et al. 1989). Here f is
the initially mentioned phenomenological coe�cient,
termed viscous friction coe�cient. In other words, the
electrophoretic mobility is the reciprocal of the viscous
friction coe�cient.

Results and discussion

We have calculated the steady-state liquid ¯ow velocity
pro®le around a polymer molecule in a gel. Typical
pro®les are depicted in Fig. 2. The liquid's velocity
drops to zero at a ®nite distance from the molecules'
surface and decreases further to negative values before
®nally approaching zero. This is due to the fact that at
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®nite distance the gel molecules inhibit the liquid ¯ow
and thus they act like additional counter ions (for a
detailed discussion, see (Pastushenko 1975; 1991a). In
the sense of momentum ¯ow the solution is balanced, i.e.Z1
a

m q� �q dq � 0

with m(q) according to Eq. (8) and (10). This means that
there is no net ¯ux of water.

By setting q � a we obtained an expression for the
molecules' velocity which depends on a and k. The ve-
locity mm is shown for representative parameters in
Fig. 3. As evident from this ®gure, the theory assuming
¯at geometry (Pastushenko 1991a) di�ers remarkably
from our results assuming cylindrical geometry for small
a and small k. For DNA, a is about 1 in physiological
salt solution (�100 mM NaCl); thus for dilute gel the

deviation of the theory for ¯at geometry from the theory
for cylindrical geometry is about 30%.

The expressions derived above do not use phenome-
nological coe�cients with exception of the volume fric-
tion coe�cient, which is a measure for the gel density.
This volume friction coe�cient is the reciprocal of the
hydrodynamic permeability of the gel, which can be
measured directly. Thus the in¯uence of ion strength,
viscosity, charge, electric ®eld strength, and gel density
can be analyzed directly.

The advantage of the dimensionless derivation pre-
sented here is that the results depend only on the two
parameters a and k. Thus calculating these two param-
eters for any given experimental arrangement allows us
to ®nd a solution just from a transformation of the
results in Fig. 3 by similarity theory.

The derived theory is based on the assumption of
negligible interaction of the polymer molecule with the
gel ®bers. This assumption, chosen for theoretical sim-
plicity, allows us to analyze the indirect in¯uence of the
gel ®bers owing to hydrodynamic coupling during gel
electrophoresis.

Furthermore, the results described here are based on
stretched molecules with negligible end e�ects and gel
conditions with uncharged gel ®bres and for steady and
homogenous electric ®elds. However, the formulas
derived here can be taken for generalization as already
exempli®ed in the literature for PFGE (e.g. Cantor et al.
1988; Pastushenko 1991b). These generalizations are
models for the reorientation of the polymer molecules
after a change in the direction of the ®eld, for direct
steric coupling of the polymer and the gel ®bers, for the
in¯uence of charged gel ®bres, and for the e�ective
length of the molecule due to entropic reasons (very long
molecules will not be ideally stretched). If these models
can be combined with the theory derived here, it will
allow us to investigate the in¯uence of the above-men-
tioned parameters (ionic strength, charge, gel density,
and ®eld strength) for a variety of interesting applica-
tions of gel electrophoresis. Thus by a deeper under-
standing of PFGE it may be possible to further optimize
this important biochemical tool for sophisticated
analytical and preparative applications.
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